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Abstract. A new 3-D chaotic system with an apple-shaped equilibrium curve is proposed in this research work. 

There is great interest in the literature in discovering chaotic systems with closed curves of equilibrium points. In 

this work, we report a new 3-D chaotic system with an apple- shaped closed curve of equilibrium points. We perform 

a detailed dynamic analysis of the chaotic system with bifurcation diagram, Lyapunov exponents, phase portraits, 

etc. We show that the new chaotic system is multi-stable with coexisting chaotic attractors. As a circuit application, 

we design MultiSIM electronic circuit for the new chaotic system. The MultiSIM outputs show good agreement with 
the MATLAB outputs for the new chaotic system. 

 

 
1. Introduction 

Chaos theory deals with nonlinear dynamical systems exhibiting high sensitivity to small changes in 

initial conditions [1-2]. Mathematically, chaotic systems are characterized by the presence of at least 
one positive Lyapunov exponent. 

Chaotic systems with hidden attractors have become a hot topic for discussion. The phenomenon of 

hidden attractors has been applied in various sciences and techniques such as electronic circuit [3-6], 

radio-physical oscillator system [7], robotic [8], aircraft flight [9], motor DC [10], and Hopfield neural 
network [11]. 

In the chaos literature, some important discoveries related to hidden attractors include chaotic system 

with no equilibrium point [12], system with stable equilibria [13] and system with infinite number of 
equilibrium [14-20]. 
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In this research paper, we report the finding of a new chaotic system with an apple-shaped curve of 

equilibrium points. We analyze the properties of the new chaotic system with the help of phase plots, 
bifurcation diagrams, Lyapunov exponents, etc. 

Multi-stability is an important property associated with some chaotic systems, which is basically the 

co-existence of chaotic attractors for same parameter set but for different initial conditions [21-24]. It is 
interesting that the new chaotic system has multi-stability with the coexistence of two chaotic attractors 

for two different initial states. 

Section 2 describes the new chaotic system with apple-shaped equilibrium curve, its phase plots and 

Lyapunov exponents. Chaotic systems with infinite number of equilibrium points belong to the class of 
chaotic systems with hidden attractors. Thus, the new chaotic system has hidden chaotic attractor. 

Section 3 describes the dynamic analysis with bifurcation diagrams, Lyapunov exponents and multi- 

stability of the new chaotic system. Furthermore, an electronic circuit realization of the new chaotic 
system is presented using MultiSIM in Section 4. The MutiSIM circuit outputs of the new chaotic system 

in Section 4 show good agreement with the numerical simulations via MATLAB obtained in Section 2. 

Section 5 draws the main conclusions. 
 

2. A New Chaotic System with Apple-Shaped Equilibrium 
In this work, we report a new 3-D system modelled by 

x&  z 
 

y&  z(ay  by2  xz) 


z&  x4  y4  y | x | 1 

 

 

 
 

(1) 

where X  (x, y, z) is the state and a,b are positive constants. 

In this paper, we show that the 3-D system (1) is chaotic for the parameter values 

a  18, b  1 
 

(2) 

Using Wolf’s algorithm [60], the Lyapunov exponents of the system (1) for the parameter set 

(a,b)  (18,1) and the initial state X (0)  (0.01, 0.02, 0.01) were found as 

LE1  0.0787, LE2  0, LE3  0.0933 

It is noted that the sum of the Lyapunov exponents in (3) is negative. 

LE1  LE2  LE3  0.0146  0 

(3) 

 
(4) 

This shows that the system (1) is dissipative with a strange chaotic attractor. The Kaplan-Yorke 

dimension of the new chaotic system (1) is computed as 

D  2  
LE1  LE2  2.8435 (5) 

| LE3 | 

The high value of the Kaplan-Yorke dimension, 

trajectories of the new 3-D system (1). 

DKY , shows the high complexity of the chaotic 

The equilibrium points of the new chaotic system (1) are found by solving the system of equations: 

z  0 

z(ay  by
2 
 xz)  0 

x
4 
 y

4 
 y | x | 1  0 

(6a) 

( 6b) 

(6c) 

Solving the equations (6a)-(6c), we see that the new chaotic system (1) has an apple-shaped closed 

curve of equilibrium points in the (x, y)  plane given by the set 

S  (x, y, z)  R
3
 z  0, x

4 
 y

4 
 y | x | 1  0 (7) 

Figure 1 shows the apple-shaped equilibrium curve in the (x, y)  plane for the new chaotic system 

(1). Figure 2 shows the Lyapunov exponents of the 3-D chaotic system (1) for the parameter set 

KY 
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(a,b)  (18,1) and initial state X (0)  (0.01, 0.02, 0.01). Figures 3-5 show the 2-D phase plots for 

the new chaotic system (1) for (a,b)  (18,1) and X (0)  (0.01, 0.02, 0.01). 

 

Figure 1. Apple-shaped equilibrium curve for the new chaotic system (1) in the (x, y)  plane 
 

Figure 2. Lyapunov exponents of the new chaotic system (1) for the parameter set 

(a,b)  (18,1) and initial state X (0)  (0.01, 0.02, 0.01) 
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Figure 3. MATLAB plot showing the 2-D phase portrait of the new chaotic system (1) in 

the (x, y)  plane for (a,b)  (18,1) and X (0)  (0.01, 0.02, 0.01) 

Figure 4. MATLAB plot showing the 2-D phase portrait of the new chaotic system (1) in 

the ( y, z)  plane for (a,b)  (18,1) and X (0)  (0.01, 0.02, 0.01) 
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Figure 5. MATLAB plot showing the 2-D phase portrait of the new chaotic system (1) in 

the (x, z)  plane for (a,b)  (18,1) and X (0)  (0.01, 0.02, 0.01) 

 

3. Dynamic Analysis of the New Chaotic System with Apple-Shaped Equilibrium 

3.1. Bifurcation Diagram and Lyapunov Exponents for the New Chaotic System 

We fix 𝑎 = 18 and vary 𝑏 in the region of [0.5, 1.5]. Figures 6 (a) and 6 (b) show the bifurcation diagram 
and Lyapunov exponents for the new chaotic system (1), respectively. From Figure 6, we can see that 

the new system (1) is in robust chaotic state in the whole region of [0.5, 1.5]. 
 

3.2. Multi-Stability and Coexisting Attractors for the New Chaotic System 

We note that the blue color trajectory starts from the initial state X(0) = (0.01, 0.02, 0.01) and the red 

color trajectory starts from the initial state X(0) = (−0.01, −0.02, − 0.01). 
We fix 𝑏 = 0.5 and vary 𝑎 in the region of [15, 25]. 
It can be seen from the bifurcation diagram in Figure 7 that there exist coexisting attractors for the 

new system (1) in the region of [19, 25]. 
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Figure 6. (a) Bifurcation diagram and (b) Lyapunov exponents of the new chaotic 

system (1), when we fix 𝑎 = 18 and vary 𝑏 in the region of [0.5, 1.5] 
 

Figure 7. Bifurcation diagram showing coexisting attractors of the new chaotic 

system (1), when we fix 𝑏 = 0.5 and vary 𝑎 in the region of [15, 25] 
 

Some sample results showing multi-stability and coexisting attractors are detailed next in this section. 

When 𝑎 = 20, coexisting chaotic attractors exist for the new system (1) as shown in Figure 8. 

When 𝑎 = 25, coexisting periodic attractor and chaotic attractor exist for the new system (1) as 
shown in Figure 9. 

When fixing 𝑎 = 18, 𝑏 = 0.5, the initial conditions 𝑥(0) = 0.01, 𝑦(0) = 0.02 and selecting 𝑧(0) 
for different values, we can obtain multiple coexisting attractors as shown in Figure 10. 

In Figure 10, we use 𝑧(0) = 0.01 for chaos with black color, 𝑧(0) = 0.4 for chaos with blue color, 

𝑧(0) = 0.5 for periodic trajectory with red color, 𝑧(0) = 0.8 for periodic trajectory with green color, 

and 𝑧(0) = 1 for periodic trajectory with magenta color. 
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Figure 8. When 𝑎 = 20, coexisting chaotic attractors exist for the new system (1) 
 

Figure 9. When 𝑎 = 25, coexisting periodic attractor and chaotic attractor exist for the new 
system (1) 

 

Figure 10. When fixing 𝑎 = 18, 𝑏 = 0.5, the initial conditions 𝑥(0) = 0.01, 𝑦(0) = 0.02 and 

selecting 𝑧(0) for different values, we can obtain multiple coexisting attractors 
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4. Circuit Implementation of the New Chaotic System 
 

This section presents the MultiSIM design of an analog circuit in order to approve the theoretical models 

and confirm the applicability of the mathematical model. To confirm the results practical during the 

theoretical models, the novel chaotic system with apple shaped equilibrium showed in Figure 11 is 

simulated in Multisim. The circuit consists of three integrators (U1A, U2A, U3A), three inverters (U4A, 
U5A, U6A), twelve multipliers AD633JN and an absolute function circuit with two diodes 1N4148. 

The three state variables (x, y, z) of the novel chaotic system (1) have been rescaled as X = 4x, Y = 

4y, Z = 4z. Therefore, the novel chaotic system (1) is converted into the following equivalent system: 

 

 X&   Z 

 &  aY bY 2 XZ 



Y  Z   
4 

 
16

 

 
16 


 (8) 

  
 
& X 4 

Y 4 Y | X | 
 Z     4 

 64 64 4 
 

By applying Kirchhoff’s laws to this circuit, its dynamics is presented by the following circuital 

equations: 

  
X&   

   1    
Z 



 C1R1 

 & 1 1 2 1 2 
 Y   

10C R YZ 102 C R Y Z  XZ 102 C R (9) 

 2  2 2    3 2  4 
Z&  

  1  
X 4  

  1  
Y 4  

  1  
Y | X |  

   1    
V  

103C R 103C R 10C R C R 1 

 3    5 3    6 3    7 3 8 

 

where X, Y, Z are the voltages across the capacitors C1, C2 and C3, respectively. The same value of 

electronic components used for numerical analysis has been presented for comparison. 
The values of the circuit elements were chosen as follows: R1 = 400 kΩ, R2 = 8.889 kΩ, R3 = R4 = 64 

kΩ, R5 = R6 = 25.6 kΩ, R7 = 160 kΩ, V1 = 1 VDC, R8 = R9 = R10 = R11 = R12 = R13 = R14 = R15 = R16 = R17 

= R18 = R19 =100 kΩ, C1 = C2 = C3 = 3.2 nF. 
The circuit design for the new chaotic system is displayed in Figure 11. MultiSIM simulation of the 

circuit are displayed in Figures 12-14. The results of electronic circuit are consistent with the theoretical 
models. 
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Figure 11. Circuit design for the new chaotic system (1) 
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Figure 12. MultiSIM output of the new chaotic system (1) in (x, y)  plane 

Figure 13. MultiSIM output of the new chaotic system (2) in ( y, z)  plane 

 

Figure 14. MultiSIM output of the new chaotic system (3) in (x, z)  plane 
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5. Conclusions 

We reported a new 3-D chaotic system with an apple-shaped equilibrium curve in this research work. 

There is great interest in the literature in discovering chaotic systems with closed curves of equilibrium 
points. The new 3-D chaotic system proposed in this work has an apple-shaped closed curve of 

equilibrium points. Since the new chaotic system has an infinite number of equilibrium points, it belongs 

to the new class of chaotic systems with hidden attractors. We conducted a detailed dynamic analysis of 

the chaotic system with bifurcation diagram, Lyapunov exponents, phase portraits, etc. We showed that 
the new chaotic system is multi-stable with coexisting chaotic attractors. As a circuit application, we 

designed MultiSIM electronic circuit for the new chaotic system. The MultiSIM outputs show good 

matching with the MATLAB outputs for the new chaotic system. 
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Abstract. A new 3-D chaotic system with an apple-shaped equilibrium curve is proposed in this 

research work. There is great interest in the literature in discovering chaotic systems with closed 

curves of equilibrium points. In this work, we report a new 3-D chaotic system with an apple- 

shaped closed curve of equilibrium points. We perform a detailed dynamic analysis of the chaotic 

system with bifurcation diagram, Lyapunov exponents, phase portraits, etc. We show that the 

new chaotic system is multi-stable with coexisting chaotic attractors. As a circuit application, we 

design MultiSIM electronic circuit for the new chaotic system. The MultiSIM outputs show good 

agreement with the MATLAB outputs for the new chaotic system. 

 

 
1. Introduction 

Chaos theory deals with nonlinear dynamical systems exhibiting high sensitivity to small changes in 

initial conditions [1-2]. Mathematically, chaotic systems are characterized by the presence of at least 

one positive Lyapunov exponent. 

Chaotic systems with hidden attractors have become a hot topic for discussion. The phenomenon of 

hidden attractors has been applied in various sciences and techniques such as electronic circuit [3-6], 

radio-physical oscillator system [7], robotic [8], aircraft flight [9], motor DC [10], and Hopfield neural 

network [11]. 

In the chaos literature, some important discoveries related to hidden attractors include chaotic system 

with no equilibrium point [12], system with stable equilibria [13] and system with infinite number of 

equilibrium [14-20]. 
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In this research paper, we report the finding of a new chaotic system with an apple-shaped curve of 

equilibrium points. We analyze the properties of the new chaotic system with the help of phase plots, 

bifurcation diagrams, Lyapunov exponents, etc. 

Multi-stability is an important property associated with some chaotic systems, which is basically the 

co-existence of chaotic attractors for same parameter set but for different initial conditions [21-24]. It is 

interesting that the new chaotic system has multi-stability with the coexistence of two chaotic attractors 

for two different initial states. 

Section 2 describes the new chaotic system with apple-shaped equilibrium curve, its phase plots and 

Lyapunov exponents. Chaotic systems with infinite number of equilibrium points belong to the class of 

chaotic systems with hidden attractors. Thus, the new chaotic system has hidden chaotic attractor. 

Section 3 describes the dynamic analysis with bifurcation diagrams, Lyapunov exponents and multi- 

stability of the new chaotic system. Furthermore, an electronic circuit realization of the new chaotic 

system is presented using MultiSIM in Section 4. The MutiSIM circuit outputs of the new chaotic system 

in Section 4 show good agreement with the numerical simulations via MATLAB obtained in Section 2. 

Section 5 draws the main conclusions. 
 

2. A New Chaotic System with Apple-Shaped Equilibrium 
In this work, we report a new 3-D system modelled by 

x&  z 
 

y&  z(ay  by2  xz) 


z&  x4  y4  y | x | 1 

 

 

 
 

(1) 

where X  (x, y, z) is the state and a,b are positive constants. 

In this paper, we show that the 3-D system (1) is chaotic for the parameter values 

a  18, b  1 
 

(2) 

Using Wolf’s algorithm [60], the Lyapunov exponents of the system (1) for the parameter set 

(a,b)  (18,1) and the initial state X (0)  (0.01, 0.02, 0.01) were found as 

LE1  0.0787, LE2  0, LE3  0.0933 

It is noted that the sum of the Lyapunov exponents in (3) is negative. 

LE1  LE2  LE3  0.0146  0 

(3) 

 
(4) 

This shows that the system (1) is dissipative with a strange chaotic attractor. The Kaplan-Yorke 

dimension of the new chaotic system (1) is computed as 

D  2  
LE

1 
 LE

2  2.8435 (5) 

| LE3 | 

The high value of the Kaplan-Yorke dimension, 

trajectories of the new 3-D system (1). 

DKY , shows the high complexity of the chaotic 

The equilibrium points of the new chaotic system (1) are found by solving the system of equations: 

z  0 

z(ay  by
2 
 xz)  0 

x
4 
 y

4 
 y | x | 1  0 

(6a) 

( 6b) 

(6c) 

Solving the equations (6a)-(6c), we see that the new chaotic system (1) has an apple-shaped closed 

curve of equilibrium points in the (x, y)  plane given by the set 

S  (x, y, z)  R
3
 z  0, x

4 
 y

4 
 y | x | 1  0 (7) 

Figure 1 shows the apple-shaped equilibrium curve in the (x, y)  plane for the new chaotic system 

(1). Figure 2 shows the Lyapunov exponents of the 3-D chaotic system (1) for the parameter set 

KY 
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(a,b)  (18,1) and initial state X (0)  (0.01, 0.02, 0.01). Figures 3-5 show the 2-D phase plots for 

the new chaotic system (1) for (a,b)  (18,1) and X (0)  (0.01, 0.02, 0.01). 

 

Figure 1. Apple-shaped equilibrium curve for the new chaotic system (1) in the (x, y)  plane 
 

Figure 2. Lyapunov exponents of the new chaotic system (1) for the parameter set 

(a,b)  (18,1) and initial state X (0)  (0.01, 0.02, 0.01) 
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Figure 3. MATLAB plot showing the 2-D phase portrait of the new chaotic system (1) in 

the (x, y)  plane for (a,b)  (18,1) and X (0)  (0.01, 0.02, 0.01) 

Figure 4. MATLAB plot showing the 2-D phase portrait of the new chaotic system (1) in 

the ( y, z)  plane for (a,b)  (18,1) and X (0)  (0.01, 0.02, 0.01) 
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Figure 5. MATLAB plot showing the 2-D phase portrait of the new chaotic system (1) in 

the (x, z)  plane for (a,b)  (18,1) and X (0)  (0.01, 0.02, 0.01) 

 

3. Dynamic Analysis of the New Chaotic System with Apple-Shaped Equilibrium 

3.1. Bifurcation Diagram and Lyapunov Exponents for the New Chaotic System 

We fix 𝑎 = 18 and vary 𝑏 in the region of [0.5, 1.5]. Figures 6 (a) and 6 (b) show the bifurcation diagram 
and Lyapunov exponents for the new chaotic system (1), respectively. From Figure 6, we can see that 

the new system (1) is in robust chaotic state in the whole region of [0.5, 1.5]. 
 

3.2. Multi-Stability and Coexisting Attractors for the New Chaotic System 

We note that the blue color trajectory starts from the initial state X(0) = (0.01, 0.02, 0.01) and the red 

color trajectory starts from the initial state X(0) = (−0.01, −0.02, − 0.01). 
We fix 𝑏 = 0.5 and vary 𝑎 in the region of [15, 25]. 
It can be seen from the bifurcation diagram in Figure 7 that there exist coexisting attractors for the 

new system (1) in the region of [19, 25]. 
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Figure 6. (a) Bifurcation diagram and (b) Lyapunov exponents of the new chaotic 

system (1), when we fix 𝑎 = 18 and vary 𝑏 in the region of [0.5, 1.5] 
 

Figure 7. Bifurcation diagram showing coexisting attractors of the new chaotic 

system (1), when we fix 𝑏 = 0.5 and vary 𝑎 in the region of [15, 25] 
 

Some sample results showing multi-stability and coexisting attractors are detailed next in this section. 

When 𝑎 = 20, coexisting chaotic attractors exist for the new system (1) as shown in Figure 8. 

When 𝑎 = 25, coexisting periodic attractor and chaotic attractor exist for the new system (1) as 
shown in Figure 9. 

When fixing 𝑎 = 18, 𝑏 = 0.5, the initial conditions 𝑥(0) = 0.01, 𝑦(0) = 0.02 and selecting 𝑧(0) 
for different values, we can obtain multiple coexisting attractors as shown in Figure 10. 

In Figure 10, we use 𝑧(0) = 0.01 for chaos with black color, 𝑧(0) = 0.4 for chaos with blue color, 

𝑧(0) = 0.5 for periodic trajectory with red color, 𝑧(0) = 0.8 for periodic trajectory with green color, 

and 𝑧(0) = 1 for periodic trajectory with magenta color. 
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Figure 8. When 𝑎 = 20, coexisting chaotic attractors exist for the new system (1) 
 

Figure 9. When 𝑎 = 25, coexisting periodic attractor and chaotic attractor exist for the new 
system (1) 

 

Figure 10. When fixing 𝑎 = 18, 𝑏 = 0.5, the initial conditions 𝑥(0) = 0.01, 𝑦(0) = 0.02 and 

selecting 𝑧(0) for different values, we can obtain multiple coexisting attractors 
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4. Circuit Implementation of the New Chaotic System 
 

This section presents the MultiSIM design of an analog circuit in order to approve the theoretical models 

and confirm the applicability of the mathematical model. To confirm the results practical during the 

theoretical models, the novel chaotic system with apple shaped equilibrium showed in Figure 11 is 

simulated in Multisim. The circuit consists of three integrators (U1A, U2A, U3A), three inverters (U4A, 

U5A, U6A), twelve multipliers AD633JN and an absolute function circuit with two diodes 1N4148. 

The three state variables (x, y, z) of the novel chaotic system (1) have been rescaled as X = 4x, Y = 

4y, Z = 4z. Therefore, the novel chaotic system (1) is converted into the following equivalent system: 

 

 X&   Z 

 &  aY bY 2 XZ 



Y  Z   
4 

 
16

 

 
16 


 (8) 

   
& X 4 

Y 4 Y | X | 
 Z     4 

 64 64 4 
 

By applying Kirchhoff’s laws to this circuit, its dynamics is presented by the following circuital 

equations: 

  
X&   

   1    
Z 



 C1R1 

 & 1 1 2 1 2 
 Y   

10C R YZ 102 C R Y Z  XZ 102 C R (9) 

 2  2 2    3 2  4 
Z&  

  1  
X 4  

  1  
Y 4  

  1  
Y | X |  

   1    
V  

103C R 103C R 10C R C R 1 

 3    5 3    6 3    7 3 8 

 

where X, Y, Z are the voltages across the capacitors C1, C2 and C3, respectively. The same value of 

electronic components used for numerical analysis has been presented for comparison. 

The values of the circuit elements were chosen as follows: R1 = 400 kΩ, R2 = 8.889 kΩ, R3 = R4 = 64 

kΩ, R5 = R6 = 25.6 kΩ, R7 = 160 kΩ, V1 = 1 VDC, R8 = R9 = R10 = R11 = R12 = R13 = R14 = R15 = R16 = R17 

= R18 = R19 =100 kΩ, C1 = C2 = C3 = 3.2 nF. 
The circuit design for the new chaotic system is displayed in Figure 11. MultiSIM simulation of the 

circuit are displayed in Figures 12-14. The results of electronic circuit are consistent with the theoretical 

models. 
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Figure 11. Circuit design for the new chaotic system (1) 
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Figure 12. MultiSIM output of the new chaotic system (1) in (x, y)  plane 

Figure 13. MultiSIM output of the new chaotic system (2) in ( y, z)  plane 

 

Figure 14. MultiSIM output of the new chaotic system (3) in (x, z)  plane 
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5. Conclusions 

We reported a new 3-D chaotic system with an apple-shaped equilibrium curve in this research work. 

There is great interest in the literature in discovering chaotic systems with closed curves of equilibrium 

points. The new 3-D chaotic system proposed in this work has an apple-shaped closed curve of 

equilibrium points. Since the new chaotic system has an infinite number of equilibrium points, it belongs 

to the new class of chaotic systems with hidden attractors. We conducted a detailed dynamic analysis of 

the chaotic system with bifurcation diagram, Lyapunov exponents, phase portraits, etc. We showed that 

the new chaotic system is multi-stable with coexisting chaotic attractors. As a circuit application, we 

designed MultiSIM electronic circuit for the new chaotic system. The MultiSIM outputs show good 

matching with the MATLAB outputs for the new chaotic system. 
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