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Abstract. In this paper, stability conditions of the Lorenz system at the second equilibrium 

point are investigated by applying Gardano's method where the system has three equilibria 

points. Most of the previous work focused their studies at the original point. A few studies 

demonstrated stability of dynamical systems at another equilibria points by use of conventional 

techniques. However, it is often unclear and based on numerical methods.  This reason,  

motivate us to establish the stability conditions of the Lorenz system at a point which different 

from the origin point and compare between them. Finally, An illustrative example shows the 

effectiveness and feasibility of this method. 

1.  Introduction 

In 1963, Lorenz found the first chaotic system, which is a third order autonomous system with only 

two multiplication-type quadratic terms, but displays very complex dynamical behaviors [1,2]. By 

definition Vanecek and Celikovsky  the Lorenz system satisfies the condition ������ > 0, where  ���  

and  ��� are corresponding elements in the constant matrix � = (�	
)�×�  for the linear part of system 

[3]. 

Lorenz system is not integrable and it is difficult to find an analytical solution for this system in 

three dimension parameters space, but special cases for Lorenz system are studied before studying 

periodic solutions, and Lorenz studied the system when � = 10, � = 8/3. From the definition of 

equilibrium points, it is easy to verify that, when � ≤ 1 the Lorenz system has only one equilibrium 

point, which is the origin, but when � > 1 it has three equilibria points: ��(0,0,0) ��,�(±��(� − 1), ±��(� − 1) , � − 1) [4,5], The Lorenz system has some simple properties such 

that this system has natural symmetry  (x,y,z) (-x,-y,z) and the z-axis is invariant [6,7]. 

[8,9] discussed the stability of Lorenz system about the equilibria points, and found the roots 

of characteristic equation for this system at origin, but at the second equilibrium point E�(�β(r − 1), �β(r − 1) , r − 1), the Ref [3] used Routh-Hurwitz test to investigated the stability 

without founding the roots, the Routh-Hurwitz paly important role in stability of dynamical systems 
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[10], while the Ref [5] depended on the value of   r   to investigated the stability without founding the 

roots. 

In [9] studied the stability for system derived from the Lorenz system and depended on the roots to 

determine the stability at origin, The determination of the roots of a cubic equation in general is fairly 

difficult, but in the given case, one root is easily found [11]. We can find the roots of equations for 

third degree by numerical method, and these roots are proximal (not exact), but by using Gardano's 

method on the same equations we can find exact roots, and by these roots we can investigated the 

stability for any system. 

In this paper, the stability conditions of Lorenz system at the second equilibrium point E�  is 

established by using the general formula Gardano's method to find the roots of the characteristic 

equation for this system. The Lorenz system is described by: 

� x! = σ(y − x)      y! = rx − y − xzz! = xy − βz                                                                                                     (1) 

Where σ, r , β  are positive parameters.  Figure 1 and Figure 2 shows the attractors of the system (1). 

The approximating linear system (1) at  E�  is: 

%x!y!z! & = %−σ σ 0r −1 00 0 −β& 'xyz(                                                                  (2) 

  or the characteristic equation of the form:    

                λ� + aλ� + bλ + c = 0                                                                                           (3) 

 Then 

             � a = σ + β + 1                    b = β(σ + 1) + σ(1 − r)c = βσ(1 − r)                                                                                                     (4) 

The solutions of Eq. 3 are 

             λ�,� = �� .−σ − 1 ± �(σ − 1)� + 4σr   0 ,   λ� = −β                                          (5) 

Now consider the system (1) at second equilibrium point E�(�β(r − 1) , �β(r − 1) , r − 1), Under the 

linear transformations  (x, y, z) → (X, Y, Z), 

 

 5  x = X + �β(r − 1)  y = Y + �β(r − 1) z = Z + (r − 1)                                                                                      (6) 

 

The system (1) becomes  

 

 5  X! = −σX + σY                                               Y! = X − Y − �β(r − 1) Z                           Z! = �β(r − 1)X + �β(r − 1) Y − βZ                                                 (7) 

 

The approximating linear system (1) at equilibrium point E� is: 

 

 %X!Y!Z! & = 6 −σ σ 01 −1 −�β(r − 1)�β(r − 1) �β(r − 1) −β 7 %XYZ&                                    (8)  

And the characteristic equation of the form:                      
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λ� + a�λ� + b�λ + c� = 0                                                                      (9) 

Then 

 � a = a� = σ + β + 1    b� = β(σ + r)               c� = 2βσ(r − 1)                                                                                  (10) 

 

 

Figure 1 The attractor of system (1) in  9, :, ;  space.                       

 

 

Figure 2 The attractor of system (1). 
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2.  Helping results 

Remark 1[5]:  

When � = 10, � = 8/3 , the solutions of equation (9) depend on the parameter   �  as follows: 

1- For 1 < � < �� ≅ 1.3456 ,  there are three negative real roots, 

2- For �� < � < �� ≅ 24.737,  there are one negative real root and two complex roots with negative 

real parts, 

3- For  � > �� there are one negative real root and two complex roots with positive real parts.    

 

Remark 2[4]: 

Let � be a  B × B matrix of constants. A equilibrium point for the system   C! = �9 is 

  aymptotically stable if all roots of � has negative real parts  

 unstable if � has at least one root with a positive real parts. 

 

Remark 3[10]: Critical case 

In critical cases when the real parts of all roots of the characteristic equation are non positive, with 

the real part of at least one root being zero. 

 

Remark 4[3]: Critical value 

Lorenz system has critical value which is rD = 1  at origin and  rD = E(EFGF�)EHGH�   at the second 

equilibrium point, and this system is asymptotically stable if r  lies between 1 and a critical value rD  at E�(�β(r − 1) , �β(r − 1) , r − 1). 

 

Let us denote         q = c� − �� a�b� + ��J a��                                                                                    (11) ∆= c�� + L�J b�� − �� a�b�c� − ��J a��b�� + L�J a��c�                                                 (12) 

 

We will use the following theorem, which enables us to find the exact roots for cubic equation (three 

degree). 

 

Theorem 1[12, 13]: (Gardano's method) 

 

 If  ∆= 0, then the second term of equation (9) has three roots, but one is multiple: 

 λ� = −2MN�O − PQ�   ,    λ�,� = MN�O − PQ�                                                                  (13) 

 If  ∆ < 0, then the equation (10) has three different real roots as: 

 λ	F� = �16(R� − ∆)S   TUV WXYZQ Z[M[\Z∆F�]	
� − PQ�  ,       ^ = 0,1,2.                                      (14) 

 If  ∆ > 0, then the equation (10) has one real root and two complexes conjugate roots with 

non-vanishing imaginary parts as: 

⎩⎪⎪
⎨
⎪⎪⎧ λ� = MHNH√∆�O + MHNF√∆�O  − PQ�                                                                   

λ� = − ��  dMHNH√∆�O + MHNF√∆�O e − PQ� + ^ √�� dMHNH√∆�O − MHNF√∆�O e
 λ� = − �� dMHNH√∆�O + MHNF√∆�O e − PQ� − ^ √�� dMHNH√∆�O − MHNF√∆�O e      

            (15) 
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3.  Main results: 

Corollary 1: If � = 10, � = 8/3  and 

 � = �� , then we have three negative real roots. 

 �� = �� , then we have one negative real root and two complex roots with vanishing real parts.  

 

Theorem 2: The solutions of system (1) at second point ��(��(� − 1) , ��(� − 1) , � − 1) when � =10, � = 8/3   are: 

 Asymptotically stable if the following cases hold: 

(i) ∆ < 0            and  � ∈ (1, ��] 
(ii) ∆ > 0            and  � ∈ (��, ��) 

 Unstable if  ∆ > 0       and  � ∈ (��, ∞)           

 Critical case if  ∆ > 0  and   � = ��       

 

Proof: 

Case 1: By theorem (1) when ∆ < 0  we obtain: λ�, λ�, λ� are different real roots and these roots are negative when 1 < r ≤ r�, (by 

 Remark 1.1 and corollary1.1), hence satisfied Remark 2.1, therefore the system (1) is asymptotically 

stable, 

When ∆ > 0  we obtain: λ� is a real root and  λ�, λ� are complex conjugate roots and these roots are negative (negative real 

parts) when and  r ∈ (r�, r�) and satisfied remark 2.1, therefore the system (1) is asymptotically stable. 

Case 2: when ∆ > 0 ,   we have  λ� is a real root and  λ�, λ� are complex conjugate roots and by 

remark 1.3.When r ∈ (r�, ∞), we obtain that λ� is  negative and  λ�, λ�  are positive real part,  hence 

satisfied remark 2,2 , therefore the system (1) is unstable.   

Case 3: When r = r�  we have  λ�  is negative real root and Re λ� = Re λ� = 0 (Corollary1.2) and 

satisfied remark 3, hence the system (1) is a critical case, the proof is complete.   

 

We can generalization Theorem (2) for any value of σ and  β in the following theorem 

Theorem 3:The solutions of system (1) at second critical point  E�(�β(r − 1) , �β(r − 1) , r − 1) are: 

 Asymptotically stable if the following cases hold:  

(i)      ∆ < 0      ,      λ�, λ� < 0 

(ii)     ∆ > 0     ,       Re λ� < 0  

 Unstable if         ∆ > 0 , Re λ� > 0         

Critical case if    ∆ > 0 , Re λ� > 0    

 

Proof: 

Case 1. By theorem (1) when ∆ < 0  we obtain: a three different real roots and λ�, λ� are negative 

(given), we must prove that λ� is negative, Since the cubic equation (10)  has a positive coefficients 

therefore, then at least one of these roots is negative real part, hence satisfied remark 2,1 and the 

system (1) is  asymptotically stable, 

When ∆ > 0 , then we have  Re λ� < 0 also since  Re λ� = Re λ� (two complex conjugate roots) 

and λ� is negative real root (cubic equation with  positive coefficients must have a negative real root), 

then we have one negative real root and complex roots with negative real part, hence the system (1) is 

asymptotically stable. 
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Case 2. By the same theorem when ∆ > 0, we have Re λ� > 0  since Re λ� = Re λ�  

(analogously as in proof of case 1 ) and  λ� is negative real root, then we have one negative real root 

and two complex roots with positive real part, hence satisfied  remark 2,2 , the system (1) is unstable.  

Case 3.  when ∆ > 0  and Re λ� = 0 , then Re λ� = 0 and  λ� is negative real part, hence satisfied remark 

3, the system (1) is a critical case, the proof is complete. 

 

Proposition:  

The necessary and sufficient condition for a second critical point whose parameter �  is greater 

than the parameter �   plus one .  

 

Proof: 

1- If � = � then critical value become  �W = −�(� + � + 3), (contradictions) since  �W must larger 

then 1. 

2-  If � < �  then denominator of critical value is always negative therefore �W is a negative 

(contradictions) the same reason of the first case.   

3- If � > �,   then critical value is positive and larger then 1(possible), but if  � = � + 1 then 

critical value become �W = k(kFlF�)m ,  (contradictions) not allowed dividing on a zero, therefore 

we must  � > � + 1  only. 

4.  Comparison 

The following Table 1 distinguish the most important differences between the first critical point ��(0,0,0) and the second point ��(��(� − 1) , ��(� − 1) , � − 1).    

 

Table 1 Comparison between equilibria points: ��, �� 

Nu.           At ��(0,0,0)   Nu.   ��(��(� − 1) , ��(� − 1) , � − 1),    

1- �  is any number larger then zero 1- �  is any number larger then one 

2- A critical value is fixed  2- A critical value is not fixed, changes with 

the initial data �, �       

3- It is easy to determination one root  λ =−�  

3- It is difficult to determine one root 

4- Contain only real roots  4- Contain real and complex roots 

5- Not all coefficients of characteristics 

equation are positive   

5- all coefficients of characteristics equation 

are positive   

6- Asymptotically stable when � ∈ (0,1)  6- Asymptotically stable when � ∈ (1, �W)  

7- Unstable when � ∈ (1, ∞)  7- Unstable when � ∈ (�W , ∞)  

8- Critical case when � = 1  8- Critical case when � = �W  

9-    � = � ,  � < �,    � > �  9-    � > � + 1    only  

10 - R  may by negative  or positive or zero  10 

- 
R  is a positive only 

11-  ∆ may by negative or zero 11- ∆  may by negative or positive 

12 - Contain on multiple real roots 12 - Not contain on multiple real  roots 

 

Figures 3, 4 show the stability at equilibria points ��, ��  respectively. 
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Figure 3 Stability at ��(0,0,0) 

 

 

 

Figure 4 Stability at  ��(��(� − 1) , ��(� − 1) , � − 1)    

5.  Illustrative Examples: 
In this section, we take two different systems, for example to show how to use the results obtained in 
this paper to analyze the stability of  class chaotic systems.  

Example 1: Investigate for stability of the following Lorenz system 

 � 9! = −109 + 10: :! = 119 − : − 9;;! = 9: − n� ;          

The characteristic equation of Lorenz system is of the form: o� + L�� o� + 56o + �pmm� = 0  R = ��nqnLq  ,   ∆= L�ppJJ� > 0,        11 ∈ (��, ��)   and  λ� = − �nmJ�rm    , λ�,� = − �qp��L�� ± �p�L��r ^      
Then the system (1) is asymptotically stable 

 

In case r = 100 

The characteristic equation of Lorenz system is of the form: o� + L�� o� + nnm� o + 5280 = 0  R = rJnrq�L  , ∆= 18907821 > 0,   100 ∈ (��, ∞)   and  λ� = − nLmJr�p    , λ�,� = rpLLnJ ± �Lnr��J ^      
Then the system (1) is unstable. Figure 5 and figure 6  show the attractors of system(1) when � =10, � = 8/3  , (a) � = 11, (b) � = 100.  

 

Example 2: Investigate for stability of the following Lorenz system 

 � 9! = −79 + 7: :! = �� 9 − : − 9;;! = 9: − 4;          
The characteristic equation of Lorenz system is of the form:  o� + 12o� + 34o + 28 = 0 R = 20 ,   ∆= − �Jp�J < 0,        �� ∈ (1, �W)   and  λ� = −2   , λ� = − �m�r��qJ       λ� = − ��r��Jq         

Then the system (1) is asymptotically stable 

  

Asymptotically 

Stable 
 

     

0 
1   

unstable  

Critical case   

 

  

Asymptotically stable 
 

Critical case  

unstable 
 

0 
 

1 
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Figure 5 The attractor of system(1) when � = 10, � = 8/3  (a) � = 11,  (b) � = 100 

 

 

Figure 6 The attractor of system(1) convergent to zero when � = 10, � = 8/3   
(a) � = 11,  (b) � = 100 

 

In case r = 49 

The characteristic equation of Lorenz system is of the form: o� + 12o� + 224o + 2688 = 0 R = 1920 ,   ∆= 4494071 > 0,        49 = �W   and  λ� = −12   , λ�,� = ± ��Lrrnqq ^            
Then the system (1) is a critical case. Figure 7 and figure 8  show the attractors of system(1) when � =7, � = 4  , (a) � = 3/2, (b) � = 49.  

6.  Conclusions 

In this paper, we have investigated the stability of Lorenz system at the second critical point by using a 

new method. By this method we justified the same results which found by previous methods. An 

illustrative examples show the effectiveness and feasibility of this method.  

 



ICComSET 2019

Journal of Physics: Conference Series 1477 (2020) 022009

IOP Publishing

doi:10.1088/1742-6596/1477/2/022009

9

 

 

 

 

 

 

References 

[1] Li D, Lu J A, Wu X and Chen G 2005 Chaos, Solitons & Fractals 23 529-534 

[2] Al-Obeidi A S and AL-Azzawi S F 2019 Indonesian Journal of Electrical Engineering and 

Computer Science 16 692-700 

[3] Al-Azzawi S F 2012 Applied Mathematics and Computation 219 1144-1152 

[4] Borrelli R L and Coleman C S 1998 Differential Equations (New York: John Wiley and  Sons) 

[5] Boyce W E and Diprima R C 2004 Elementary Differential Equations and Boundary Value 

Problems (New York: John Wiley and Sons, Inc)  

[6] Zhang, Zeng Y and Li Z 2018 Chinese Journal of Physics 56 793-806 

[7] Sambas A, Vaidyanathan S, Zhang S, Zeng Y, Mohamed M A and Mamat M 2019 IEEE Access 

7 115454-115462 

[8] Lynch S 2001 Dynamical Systems with Applications using Maple (Basel: Birkhauser) 

[9] Tigan G 2004 Proceedings of the Third International Colloquium on Mathematics in 

Engineering and Numerical Physics 265-272 

[10] AL-Azzawi S F and Aziz M M 2019 Telkomnika 17 1931-1940 

[11] Ambrosio L and Dancer N 2012 Calculus of variations and partial differential equations: topics 

on geometrical evolution problems and degree theory (German: Springer Science & 

Business Media) 

[12] Aziz M M and Al-Azzawi S F 2017 Optik 138 328-340 

[13] Al-Azzawi S F and Aziz M M 2018 Alexandria engineering journal 57 3493-3500 


